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Scrambling of quantum information can be conveniently quantified by so called out-of-time-order-correlators
(OTOC’s), i.e. correlators of the type 〈W †τ V †WτV 〉, whose measurements presents a formidable experimental
challenge. Here we report on a method for the measurement of OTOC’s based on the so-called two-point
measurements scheme developed in the field of non-equilibrium quantum thermodynamics. The scheme is of
broader applicability than methods employed in current experiments and also provides a clear-cut interpretation
of quantum information scrambling in terms of non-equilibrium fluctuations of thermodynamic quantities such
as work. Furthermore, we provide a numerical example on a spin chain which highlights the utility of our
thermodynamic approach when understanding the differences between integrable and ergodic behavior. We
also discuss connections to some recent experiments.
Introduction – Imagine preparing an omelette. You start
from a couple of whole eggs and you scramble them, say by
means of the rotary motion of a fork. Given the time-reversal
symmetric microscopic laws of nature, you should be able to
recover the whole eggs, if the inverse rotary fork motion is
then applied. This in practice can never happen, because even
the tiniest perturbation either in the backward fork motion, or
in the microscopic state of the eggs, would prevent the eggs
from un-scrambling, and would in fact result in further scram-
bling. Popular wisdom mirrors this truth with expressions like
“fare una frittata” (“making an omelette” in Italian) or “mak-
ing a hash”, meaning causing some situation for which there
is no turning back. How macroscopic reversibility emerges
from reversible microscopic dynamics is in fact one of the
most studied problems in statistical mechanics since the early
days of the famous debate between Boltzmann and Loschmidt
[1].
Popular quantifiers of irreversibility are the Loschmidt echo
[2] and the irreversible entropy production [3]. Recently much
attention has been devoted to yet another quantifier, namely
the so called out-of-time-order correlator, namely correlator
FIG. 1: The Wing-flap protocol
of the form:
FV,W (τ) = tr(ρW †τ V
†WτV ) (1)
When W is a local unitary operator, the OTOC measures how
much quantum information is scrambled during the dynamics
[4].This is best understood by noticing that the OTOC can be
directly related to the non-commutativity of V andW in time.
C(τ) = 〈[Wτ , V ]†[Wτ , V ]〉 = 2(1− Re[FV,W (τ)]). (2)
In the situation when W is a local perturbation then C(τ)
measures the growth and complexity of it’s effect in time. Fur-
thermore an exponential time dependence of FV,W (τ) reveals
the presence of a butterfly effect and allows for extracting the
corresponding Lyapunov exponent. OTOC’s were first intro-
duced by Larkin and Ovchinnikov [5] to investigate the va-
lidity of semi-classical approximations in the theory of super-
conductivity. They also appear in the context of the regression
hypothesis, where due to their lack of time ordering they have
been dubbed “unartig Korrelatoren” (i.e. “naugthy correla-
tors”) [6].
Interest in OTOC’s is currently undergoing a revival [4, 7–
17], after Kitaev pointed out their relevance in the context of
holographic duality [18]. Accordingly a number of exper-
imental schemes have been recently proposed for the mea-
surement of the OTOC and the first experimental measure-
ments thereof have just been reported. Swingle et al. [11]
propose an interferometric scheme where the OTOC is en-
coded into the quantum state of an ancilla, to be implemented
in a cold-atom set-up. Recent experiments, performed re-
spectively with a trapped ion quantum magnet and NMR
[19, 20] report a method for measuring infinite temperature
(i.e., ρ = 1) OTOC’s, i.e. OTOC’s of the form FV,W (t) =
Tr(W †t V
†WtV ). The fact that ρ does not appear here in-
troduces a great simplification in the implementation of the
scheme where now one can access FV,W (t) by preparing the
system in the service state ρ′ ∝ V + a1 (1 stands for the
identity operator) and measure the simpler 3-point correlator
Tr(W †t V
†Wtρ′) instead (see below for a more detailed dis-
cussion of this point).
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2Here we propose an alternative method to access FV,W (t)
experimentally which does not require the employment of
an ancillary system, nor of a service-state, and is applica-
ble to any state ρ. The method is inspired by a scheme
that proved extremely successful for the investigation of non-
equilibrium quantum thermodynamics, namely the so called
two-point measurement scheme [21–27]. Two point measure-
ments schemes are protocols where an observable is measured
twice, at the beginning and at the end of some non-equilibrium
manipulation carried on a system. The statistics of the ob-
served change in the measured values encodes information
about the manipulation. In our scheme an observable O is
projectively measured at the beginning and at the end of the in-
formation scrambling manipulation (which we dub the “wing-
flap protocol” due to its connection with the idea of the But-
terfly effect coming from non-linear physics), and the change
of its value ∆O is recorded. In the wing-flap protocol a sys-
tem evolves according to some forward evolution e−iτH and
then goes back with the backward evolution eiτH . The two
evolutions are interrupted by a wing-flap (i.e. the application
of some unitary operatorW ), that prevents the system to trace
back to where it came from see Fig. 1. As we will see infor-
mation about quantum information scrambling is encoded in
the statistics of the observed changes in the measured values
of O.
Main Results – Let us express the unitary operator V en-
tering in Eq. (1) in exponential form:
V = eiuO (3)
with appropriate hermitian operator O and real number u. Let
us then consider the following protocol, which we dub the
wing-flap protocol, see Fig. 1:
1. Prepare the system in some state ρ.
2. Measure O.
3. Evolve the system with H for a time t = τ .
4. Apply the wing-flap perturbation W .
5. Evolve the system with −H for a time t = τ .
6. Measure O.
The two measurements of O are assumed to be projective
giving eigenvalues On, Om respectively, and collapsing the
system on the according eigenstates |n〉, |m〉. For simplicity
we assume, without lack of generality, that the eigenvalues
of O are non-degenerate. We shall call the evolution under
H , the forward evolution, and the evolution under −H , the
backward evolution [28].
In absence of wing-flap, i.e. when W is the identity opera-
tor 1, the state of the system at the end of the backward evolu-
tion would be exactly the initial state |n〉 of the forward evo-
lution, and the second measurement would not alter it. When
there is wing-flap W 6= 1, the state at the end of the backward
evolution is in general a linear combination of all eigenstates
of O, and the second measurement selects one of them, |m〉,
which may differ from |n〉, due to the information scrambling.
On repeating the wing-flap protocol many times, in each
realization the observed eigenvalues On, Om assume random
values, and by repeating the protocol an infinite number of
times one can build the probability density function (pdf)
p(∆O, τ) of observing a change
∆O = Om −On (4)
in the quantity O. The statistics p(∆O, τ) contains informa-
tion about the OTOC, Eq. (1). This connection can be estab-
lished at a formal level as follows. Let
G(k, τ) =
∫
p(∆O, τ)e−ik∆Od∆O (5)
be the characteristic function of p(∆O, τ), i.e., its Fourier
transform [29]. Our first main result is
FeiuO,W (τ) = G(u, τ) (6)
Eq. (6) says that the OTOC associated to the operators
W, eiuO is identical to the characteristic function of the ran-
dom variable ∆O in the wing-flap protocol above.
To prove the statement consider the formal expression of
p(∆O, τ)
p(∆O, τ) =
∑
n,m
δ[∆O −Om +On]Pτ [m|n]pn (7)
where pn = Tr Πnρ is th probability of observing On in the
first measurement and δ(x) stands for Dirac’s delta function.
For simplicity, in the following we shall restrict to the case
[ρ,O] = 0. The symbol Pτ [m|n] stands for the probability of
observing Om in the second measurement given that On was
observed in the first measurement:
Pτ [m|n] = |〈m|Uτ |n〉|2 (8)
where Uτ is the unitary describing the evolution between the
two measurements. It reads
Uτ = e
iτHWe−iτH (9)
Note that Uτ is the operator W at time τ in the Heisenberg
representation: Uτ = Wτ . Using (5,7,8,9) and the resolution
of identity
∑
m |m〉〈m| = 1 and [ρ,O] = 0, we obtain
G(u, τ) =
∑
n,m
e−iuOmeiuOnPτ [m|n]pn
=
∑
n,m
〈n|U†(τ)|m〉e−iuOm〈m|Uτ |n〉eiuOnpn
=
∑
n
〈n|U†τ e−iuOUτeiuO|n〉pn
= TrU†τ e
−iuOUτeiuOρ
= TrW †τ V
†WτV ρ (10)
3Thus the characteristic function of the statistics p(∆O, τ) of
changes of ∆O is the OTOC between eiuO and W .
Thermodynamics of information scrambling – The real-
ization that OTOC’s can be recast as two point measurement
protocols allows us to directly connect with non-equilibrium
quantum thermodynamics. Consider the case when the mea-
sured quantity O is the Hamiltonian H0 of a quantum system
O = H0. In this case Eq. (6) implies that FeiuH0 ,W (τ) is
the characteristic function of work Gwork(u, τ), namely the
Fourier transform of the work probability distribution func-
tion
p(w, τ) =
∑
n,m
δ[w − em + en]Pτ [m|n]pn (11)
Here w denotes work, i.e. the difference of final and ini-
tial measured system eigenenergies ek. In absence of the
wing-flap no work is done on the system, whereas in general,
when a wing-flap operator W is present work is performed
on the system, and the distribution drifts and spreads. The
spread, namely the second moment of the work distribution
〈w2〉 = ∫ dwp(w, τ)w2 = Tr(W †τH0Wτ −H0)2ρ quantifies
information scrambling as the expectation of the square of the
commutator between Wτ and H0
〈w2〉 = 〈[Wτ , H0]†[Wτ , H0]〉 (12)
In the case of an initial thermal equilibrium ρ = e−βH0/Z (β
denotes the inverse temperature and Z = Tre−βH0 the parti-
tion function), the first moment 〈w〉 = Tr(W †τH0Wτ −H0)ρ
of the work-distribution can be written in terms of the relative
entropy S[ρτ ||ρ] between the initial state ρ, and its evolved ρτ
[30, 31]:
〈w〉 = β−1S[ρτ ||ρ] = β−1Tr(ρτ ln ρτ − ρτ ln ρ) (13)
The quantum relative entropy is a measure of the distinguisha-
bility of the two quantum states ρ, ρτ and its non-negativity is
a consequence of the second law of thermodynamics [32]. It
accordingly provides a meaningful quantifier of information
scrambling occurring as a consequence of wing-flapping [33].
The characteristic function of work, the second moment of
the work distribution, and the first moment all encode vari-
ous aspects of information scrambling. We remark that all
quantities, FeiuH0 ,W (τ), 〈|[Wτ , H0]|2〉 and S[ρτ ||ρ], can be
inferred from the work pdf p(w, τ). It is worth stressing that,
if after the wing-flap protocol the system is brought back in
contact with a thermal bath as to re-establish its initial thermal
state, the quantity β−1S[ρτ ||ρ] is equal to the average heat 〈q〉
that the system releases in to the bath [34]. Thus information
scrambling might be accessed not only through work mea-
surements, but also through heat measurements. Calorimetric
measurements schemes being developed for low temperature
solid state devices [35, 36], could be used for this purpose.
Illustrative example – In order to illustrate our results, we
consider a spin chain of length L described by the Hamilto-
nian
H0 = g
L∑
i=1
σix (14)
prepared in the thermal state ρ = e−βH0/Z. At time t = 0
we turn on a perturbation Hi so that the system evolves with
the Hamiltonian H = H0 + Hi. At time t = τ/2 we instan-
taneously apply the wing flap operator (a rotation about the x
axis) W = e−iθσ
k
x with θ = pi/2. The system then evolves
with −H until time τ . We consider the following forms of
evolutions generated by Hamiltonians Hi:
H1 = J
L−1∑
i=1
σizσ
i+1
z (15)
H2 = J
L−1∑
i=1
σizσ
i+1
z + h
L−1∑
i=1
σiz + (h− J)(σ1z + σLz ) (16)
corresponding respectively to integrable and non-integrable
dynamics (ergodic). This model was recently used by Kim
and Huse in order to understand the phenomenology of entan-
glement growth in ergodic and integrable systems [37]. We
choose identical parameters here. Fig. 2 shows the tempo-
ral behavior of the real part of the OTOC FeiuH0 ,W (τ), the
mean and second moment of the associated work distributions
for 9 spins. In all cases the wingflap operator acting on the
central spin (k = 5) and both integrable and ergodic evo-
lutions are displayed. Note how, as also shown in a closely
related experiment [20], that the integrable case is character-
ized by oscillations, i.e. recurrences, while no recurrence is
observed in the time span over which the simulation is car-
ried, in the ergodic case. This reflects the irreversible in-
formation scrambling occurring in the non-integrable case.
Note also that, despite non-integrability, no exponential be-
havior is observed in the time dependence of the OTOC, this
is in agreement with previous numerical [38] and experimen-
tal findings [20]. The plots reveal a small mean work as com-
pared to the second moment 〈w〉2  〈w2〉 and a proportion-
ality between them in accordance with linear response theory
〈w〉 ' β(〈w2〉 − 〈w〉2)/2 ' β〈w2〉/2 [39, 40].
Interpreting existing experiments – The two point mea-
surement scheme allows for a straightforward interpretation
of existing experiments, e.g. [19, 20]. These experiments, as
mentioned in the introduction, measure infinite temperature
OTOC’s, by means of a service state ρ′. Let us now comment
on the experiment of Ref. [19]. There V is proportional to
Sx =
∑
i σ
i
x that is the x component of the total magnetiza-
tion of a system of N spins. The system is prepared in the
factorized service-state ρ′ with all spin pointing up in the x
direction. It then evolves under some wing-flap unitary Uτ
which we need not specify here. The authors measure the ex-
pectation of Sx at the end of the protocol. Interpreting Sx
as the initial Hamiltonian, i.e., H0 = Sx, that is in fact a
measurement of average work 〈w〉. Due to the special prepa-
ration ρ′ = H0 + (N/2)1, the latter assumes the form of an
infinite temperature OTOC: 〈w〉 = Tr(U†τH0Uτ − H0)ρ′ =
TrU†τH0UτH0 − TrH20 . The same measurement of 〈w〉 car-
ried on a generic finite temperature thermal state ρ ∝ e−βH0
would give the relative entropy S[ρτ ||ρ] . Under the provi-
sion of linear response theory that would also give directly the
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FIG. 2: Shown here are (a) the time dependent mean and (b) second moment of the work distribution for the quench protocol
described in the text. (c) shows the real part of the OTOC FeiuO,W (τ), for u = 1. Here we focus on a chain of 9 spins at inverse
temperature β = 0.1 contrasting both integrable and non-integrable dynamics. We use the model and parameters specified in
[37] (J = 1, g = 0.90450849, h = 0.8090169)
second moment of the work distribution, hence the average
square commutator 〈|[Wτ , H0]|2〉. These quantities can thus
be straightforwardly accessed with the current measurement
scheme, while the OTOC FeiuO,W (τ) requires the implemen-
tation of the two-point measurement scheme.
Conclusions – In summary we have put forward a new
method for measuring information scrambling. The new
method consists in a two-point projective measurement
scheme. At variance with previously proposed schemes, the
present one does not require the employment of an ancil-
lary system nor the preparation of a service-state and is ap-
plicable to generic finite temperature conditions. Accord-
ing its scope of applicability is broader than current meth-
ods. The scheme not only offer a practical alternative for
the measurement of OTOC’s as compared to existing pro-
posals, but also reveals a fundamental connection between
non-equilibrium fluctuations of fundamental thermodynamics
quantities, namely work and heat, and scrambling of informa-
tion. The latter allows us to understand and interpret existing
experiments in thermodynamic terms.
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